Analytical and numerical methods are applied to solve the problem.
Introduction
Model problems with simplified geometry and kinematics has a great value for developing theories of mechanical behavior of materials. Analytical solutions of such problems allow one to perform qualitative analysis of investigated process and to verify numerical solutions. Anti-plane deformation problem is one of the simplest model problems. This problem was solved for linear elastic medium, nonlinear elastic medium and elastoplastic medium. One should mention the set of papers [1] [2] [3] [4] [5] published by V. D. Bondar in which anti-plane deformation problem is solved in the frameworks of finite strain elasticity and elastoplasticity.
In this paper anti-plane deformation problem is solved in the context of theory of large elastoplastic deformations. This theory is based on non-equilibrium thermodynamics formalism. It assumes that irreversible and reversible deformations are defined by differential transport equations.
We consider flow of incompressible medium within cylindrical tube due to pressure gradient. No-slip boundary condition is set on the walls of the tube. The points of the medium are restricted to move only along lines parallel to the element of the cylinder. We suppose that medium deforms both reversibly and irreversibly. In addition, irreversible deformation accumulation is due to creeping of medium. Present work is the continuation of the research [6, 7] in which similar problem statement was used. The main distinction of works [6, 7] is that irreversible deformation of medium is due to plastic flow.
Mathematical model
Kinematics of continuum is described by spatial (Euler) coordinates. For simplicity all equations are given in Cartesian coordinate system. We use the Almansi finite strain tensor:
Here u i are the components of displacement vector. Let us consider reversible and irreversible strains along with temperature and entropy as state variables. We denote the components of reversible and irreversible strains as e ij and p ij , respectively. In accordance with [8, 9] differential transport equations are written as
where 
Here D Dt is the objective derivative operator, d dt is the total derivative operator, ∂ ∂t is the partial derivative operator, r ij are the components of rotation tensor, w ij are the components of the vorticity tensor, ε ij are the components of strain rate tensor, v i are the components of velocity vector, z ij is nonlinear term of the vorticity tensor, E i are the invariants of reversible deformations tensor.
If we assume that there is no nonlinear term in the vorticity tensor, then objective derivative Dn ij Dt introduced above coincides with the Jaumann derivative.
The separation of the total strain into reversible and irreversible strains follows from (2) and has the form
Stresses in the medium are determined by relations that are similar to the Murnaghan relations known from the theory of nonlinear elasticity:
Here σ ij are the components of the Euler-Cauchy stress tensor, P 1 is the additional hydrostatic pressure and W is the elastic potential.
When there are no irreversible strains in the medium (p ij ≡ 0) relation (5) coincides with the Murnaghan relations.
We take the Helmholtz free energy as the thermodynamic potential in the relation (5). If we assume that the free energy distribution density does not depend on irreversible deformations then W = ρ 0 ψ. In this case elastic potential for isotropic incompressible medium can be written as Taylor series expansion in respect to free state. For simplicity we keep terms up to the third order:
Here µ, α, β, ξ, ζ are elastic moduli and µ is the share modulus. Upon substituting elastic potential expansion into (5), we obtain relations between stresses and reversible deformations: 
Let us assume that irreversible deformation accumulation is due to creeping of medium and it occurs during the whole process.
The source of irreversible strains γ ij in transport equations (2) has the form
Let us write the dissipative potential in (8) according to the Norton creep power law [10] :
Here σ i are the principal values of the Euler-Cauchy stress tensor and B, n are the creep parameters of medium which can be determined experimentally.
One should note that any creep law which is suitable for specific problem can be used in the relation (8) instead of the Norton law.
Problem statement
For convenience we use cylindrical coordinate system r, φ, z. Assume that an incompressible medium fills a cylindrical tube of radius R. Deformation of medium is due to time-dependent pressure gradient:
Initially the medium is undeformed and pressure gradient is equal to zero. No-slip conditions are set on the tube walls:
Let us assume that the unknown displacement and velocity vectors have one nonzero component (u z and v z , respectively). Taking into account axial symmetry, we have
In this case nonzero components of Almansi strain tensor are
According to assumed continuum kinematics, we have following relations for nonzero components of strain rate tensor, vorticity tensor and rotation tensor
In accordance with constraints (12) the operator of total derivative in cylindrical coordinate system has the form
The introduced kinematic constraint on medium motion imposes limitations on the form of elastic potential (6) [11] . It turns out that some coefficients in Taylor expansion (6) are not independent and, taking into account (12), the elastic potential has the form
Let us substitute relation (16) into (5). Then we take into account only first order terms in diagonal components of reversible deformation tensor and first and second order terms in non-diagonal components of irreversible deformation tensor. As a result of transformations we obtain the following relations for stresses in the medium: 
Taking into consideration relations (12-15), we write transport equations for components of irreversible deformations tensor. We also assume that components of reversible and irreversible deformations are independent of axial coordinate and thus their total derivative is the partial derivative:
Transport equations for components of reversible deformations tensor take the form 
Source of irreversible deformations in the transport equations is
Combining the above relation with equations (17), we can express rates of irreversible deformations in terms of reversible deformations:
,
Solution
Stresses and strains in the medium are defined by the following unknown functions: u(r, t), v(r, t), P 1 (r, z, t), e rr (r, t), e zz (r, t), e φφ (r, t), e rz (r, t), p rr (r, t), p zz (r, t), p φφ (r, t), p rz (r, t), σ rr (r, z, t), σ zz (r, z, t), σ φφ (r, z, t), σ rz (r, t). To find unknown functions we have to solve system of partial differential equations (19), (20) and (22) with boundary conditions (11) .
Taking into account that functions e rr (r, t), e zz (r, t), e φφ (r, t), e rz (r, t) are independent of axial coordinate, the derivative ∂σ zz ∂z in the second equilibrium equation has the form:
Medium motion in the tube is due to pressure gradient
Upon intergrating the above relation, we obtain
Since stress σ rz is independent of axial coordinate, the second equilibrium equation can be written as
General solution of this equation has the form
Stress σ rz must be finite at r = 0, so c 1 (t) = 0 and then we have
Taking into account (17), we obtain To find function g(r, t) we need boundary condition
where g 0 (t) is the given function of control pressure at the wall of the tube (r = R) in the cross-section z = 0. We assume that g 0 (t) = 0.
Finally we have system of equations (19, 20, 30) with boundary conditions (11, 31) . The unknown functions are u, e rr , e zz ,e φφ , p rr , p zz , p φφ , p rz , g. To construct finite difference approximation of the obtained system of equations we use central difference for the space derivative and explicit scheme in time. Dimensionless coordinates are used in computations:
where ρ is the medium density. Material parameters have the following values:
Results
The graph of pressure gradient ψ(τ ) is shown in Fig. 1 . We assume that deformation process consists of three stages. Firstly pressure gradient increases monotonicaly to the point in time τ 1 . Then it stays constant to the point in time τ 2 . After that it decreases monotonicaly and at the point in time τ 3 it becomes zero. The points in time have the following dimensionless values:
Distributions Fig. 6 . Components of deformations e ϕϕ , p ϕϕ are close to zero so they are not presented in figures. Reversible and irreversible deformations have roughly the same order of magnitude for chosen duration of the process. It is clear that components of reversible deformations e rr and e zz have almost equal magnitude and differ only in sign. As can be seen from given graphs the first and second stages of the process are characterized by accumulation of reversible and irreversible deformations. An elastic medium springback is clearly noticeable on third stage.
It should be noted that the medium remains in the reversible deformation state even after pressure gradient becomes equal to zero (τ τ 3 ). Additionally a series of computations for modified problem are performed. In modified problem we take into account also second order terms in diagonal components of reversible deformation tensor and third and forth order terms in non-diagonal components of reversible deformations tensor. The results of computations show that this refinement of the model has no considerable effect on qualitative characteristics of distribution of stresses and deformations in the medium. Numerical values differ by no more than 10 % from numerical values obtained in solving the original problem. The obtained results can be applied to investigation of drawing processes in manufacturing. In future study we plan to extend the presented mathematical model and take into account plastic flow.
